MIDTERM

M559 — LINEAR ALGEBRA

1. For an n x n matrix X = [z;;], we define the trace of X, denoted by tr(X), to be the

sum of the elements in the main diagonal, i.e.,
n
tr(X) d:ef Z L
i=1

Let A = [a;;] and B = [b; j| be n x n matrices.

(a) Prove that tr(AB) = tr(BA).

(b) Prove that if P is an invertible matrix, then tr(A) = tr(P~1AP).
[You may use part (a) here even if you could not do it.]

Proof. (a) We have:

tI‘(AB) = zn: zn: az"kbk’i

i=1 k=1

= Z Z a; kb [switch the sum]

k=1 =1

= Z Z br.iti [switch factors]

k=1 i=1

=) binar, [reindex: (k, i) — (i, k)]

i=1 k=1

= tr(BA).
(b) We have, using (a), that
tr(A) = tr(P(P~'A)) = tr((P'A)P) = tr(P ' AP).
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2. Let V' be an n-dimensional C-vector space [n finite] and W be a subspace of V| and let

W° = {T € Hom¢(V,C) : T(w) =0 for all w € W} < Home(V,C).
[Note that W9 is a subspace of Home¢(V,C) = L(V,C), and not V or W.] Prove that
dim W° = n — dim W.

Hints:

(1) Start with a basis {v1,...,v,} of W and complete to a basis {vy,..., Vmi1,--,Un}
of V.

(2) Find basis elements Ty, 41, Tynia, - - -, I for W0 using the basis of V above.

Proof. Let {v1,...,v,} be a basis of W and complete it to a basis of V| say,
B={v1,. ., U, Vi1, Un}
Fori=m+1m+2,...,nand j=1,2,...,n define

0, ifj#i.

Ti(v;) = 05 =

So, for any i € {m +1,...,n} and j € {1,2,...,m}, we have T;(v;) = 0, and hence
T, ¢ WO,
If

am+1Tm+1 +oee anTn = 0,

then, for all i € {m+1,...,n}, evaluating at v; we get a; =0, so C o {Ti1,---,Tn} is

linearly independent.

Now, given T € W° and for i« € {m + 1,...,n}, let a; def dof

= T(v;), and define S =

i1l + -+ - + a,T,. Then, we have that, for ¢ < m:

T(o)=0= Y a;-0= > a;Tj(v;) = S(uvy).
j=m+1 j=m+1

For m +1 <1 <n, we have

T(UZ) = aq; = asz(vl) = Z ajTj(vi) = S(Ul)
j=m+1
Hence, T'(v;) = S(v;) fori=1,...,n,80 T = S € span(C).
Therefore, C is a basis of W° and dim W% = n — m. O



MIDTERM 3

3. Let B € M, (C) [some fized matrix] and define T': M, (C) — M, (C) by T'(A) = BA.
[You may assume without proof that T is linear, as it is pretty clear.] Prove that ur = ug,
i.e., that the minimal polynomials of the matrix B and of the linear operator 7" are the
same.

Hints:
(1) What is T*(A)?
(2) If X € M,,(C), then X = 0 if and only if XA =0 for all A € M, (C). [You can use
this without proving.]
(3) Prove that if f € Cz], then f(T") = 0 if and only if f(B) = 0.
Proof. First, note that
TH(A) = TFY(BA) = T*%(B?A) = - .. = B"A.
Now, let f = a,2" + ap_12" ' + -+ -+ a;x + ag € C[z]. Then,
F(D)(A) = (a,T" + an T 4+ ay T+ apl)(A)
= a,T"(A) + ap T (A) + -+ a;T(A) + apA
=a,B"A+a, \B" A+ -+ @1BA+ A
= (aan + an,anfl —+ -4 CLlB + ao) <A
— (B)- A,
Hence, f(T') = 0 if and only if f(T)(A) =0 for all A € M, (F) if and only if f(B)A =0
for all A € M, (F) if and only if f(B) = 0.

So, the annihilators of 7" and B are the same, and hence their minimal polynomial

[the monic polynomial of smallest degree in the annihilator| are the same. O



