MINIMAL DEGREE LIFTINGS OF EDWARDS CURVES

LIAM BITTING AND LUIS R. A. FINOTTI

ABSTRACT. Voloch and Walker used liftings of elliptic curves to create error-correcting
codes, for which lifting of points with smaller degrees for their coordinate functions give
better parameters. Thus, one might be interested in constructing liftings with minimal
possible degrees. Here we study liftings of twisted Edwards curve with minimal degrees.
We prove that up to the second coordinate these minimal degrees are given by the canonical
lifting and elliptic Teichmdiiller lift, give upper and lower bounds for the degrees of Edwards

lifts, and prove that the lower bound can be achieved for the third coordinate.

1. INTRODUCTION

In [17], Voloch and Walker used canonical liftings of elliptic curves to construct error-
correcting codes. They provided bounds for the parameters of the code, and these depend on
the degrees of the associate lifting of points (the elliptic Teichmiiller lift, in their case), which
takes a point of the curve in characteristic p > 0 to a point on the canonical lifting, with
smaller degrees giving better bounds. They proved that, modulo p?, the elliptic Teichmiiller
lift provides the minimal degrees among all other possible lifts of points, and thus was the

optimal choice for the construction.

Voloch then asked the second author if it would be the case that the elliptic Teichmiiller
would give minimal degrees also modulo higher powers of the characteristic, but in [8] (for
characteristic p > 2) and [9] (for characteristic p = 2), the second author proved that
this is not the case and thus introduced minimal degree lifts, which would therefore give
better bounds for the codes obtained than the elliptic Teichmiiller lift. The notion was also

extended to hyperelliptic curves. In the latter reference, examples of binary error-correcting
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codes were constructed, illustrating that the method can yield good codes. In [12], J. Groves
used minimal degree liftings of elliptic and hyperelliptic curves in characteristic p > 2 to

construct non-binary error-correcting codes.

In [6], H. M. Edwards introduced a new normal form for elliptic curves over fields of char-
acteristic different from 2 that results in simple and explicit expressions for the group law.
In [2], Bernstein and Lange analyzed the efficiency of using Edwards curves on cryptographic
applications, concluding that this form most often yield better results than the more usual

Weierstrass form.

Although over an algebraically closed field every elliptic curve can be expressed an Edwards
curve, this often not the case over finite fields. Therefore, [2] and [I] introduce general-
izations which can represent a larger number of elliptic curves over finite fields. Here we
will focus on the case of twisted Edwards curves, introduced in the latter reference. For the
sake of simplicity we will here refer to twisted Edwards curves simply as Edwards curves,

as these will be our sole focus.

In [3] the authors describe the construction of the canonical lifting and elliptic Teichmiiller
lift for Edwards curves, and our goal here is to study their minimal degree liftings, similarly
to what was done in [8] for elliptic curves (given by Weierstrass equations). In particular, we
prove that again the canonical lifting and elliptic Teichmiiller lift give minimal degrees for
the second coordinates (Theorem , we provide upper and lower bounds for these degrees
of the coordinate functions for these lifts (Theorems and respectively), conditions
necessary to achieve the lower bounds (in Theorem , and prove that the lower bounds
can be achieved modulo p3 (Theorem .

We now give a short description of the following sections. In Section [2] we give the precise
definition of twisted Edwards curves and a review a few of their basic properties. In Section 3]
we give the definition of the canonical lift and summarize the results about canonical liftings
of Edwards curves from [3]. In Section {4 we define the Greenberg transform of curves over
Witt vectors and give a basic description of its coordinates. In Section [5] we prove the
result mentioned above that the elliptic Teichmiiller lift has minimal possible degrees for

the second coordinates. In Section[6we give precise definitions of Edwards lifts, minimal and
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absolute minimal degree lifts, and find upper and lower bounds for minimal and absolute
minimal degree lifts. In Section [7] we provide lemmas necessary for the proof of the next
main result, which is presented on Section [§, namely that we can achieve the lower bound

from Section [6] for the third coordinate.

2. EDWARDS CURVES

In this section we review twisted Edwards curves. The main reference here is [1].

Let k be a perfect field of characteristic p > 2. A twisted Edwards curves is a projective

algebraic curve given by an equation of the form
be? + % =1+ az’y>.

(Plain Edward curves have b = 1, but this form increases the number of possible curves over
finite fields.) On the other hand, we will often need the square root of this coefficient b,
and hence instead of introducing a new symbol for this square root, we will simply replace
b by b? in the above equation, while keeping in mind that b itself might be in an extension

of the base field. Thus, our twisted Edward curve equation will be given by

Eup/k: b%2? + 9% = 1 + ax?y?. (2.1)

The discriminant, which is assumed to be non-zero, is given by A def b2 (a — b%), and the
corresponding j-invariant is given by
16(a® + 14ab? + b4)?

ab?(a — b2)*

j(Ea,b) -

Recall that the projective model of FE,; above is given by
VX7 + X3 = X2 +aX3,
XoX3 = X1 Xo,
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where (z,y) — [1,2,y, zy], and thus E,; has two points at infinity over a field where a has

a square root a'/2, and another two if b itself is in the base field (instead of simply b?):

ql/2
b

If neither a nor b? have square roots in the base field, then QF are rational.

0t ¥ 0,0, +4"/2,1], oF ¥ 0, +2— 0,1].

Furthermore, we have that
ordp+ () =0, ordg«(y) =—1, ordgs(z) =—1, ordg«(y) =0, (2.2)

and
OF =4, [0 =2
(Hence, since (0,1) is also on E, 3(k), note that Edwards curves have at least four rational

points.)

Additionally, from the equation of E,; we get involutions given by

Ii()(l',y) déf (—.Z',y), Kl(xﬁy) déf (1’, _y)7 52(x7y) dgf (g;7bx> : (23)

These extend to the points at infinity as:
ko(0F) = OF, k1(0F) = OF, ko (0F) = QF,
ko(QF) = QF, k1(Q%) = QF, Ko (QF) = OF,

The group law (for affine points) is given by

(z1,9y1) + (22,92) = T1yo + Toy1  y1y2 — bPa1my
7 ’ 1+ azizoy1y’ 1 — axixayiye |

and thus the identity is given by (0,1) and —(z,y) = (—z,y).

Also,
def 2w 2y

is an invariant differential. Moreover, since the Hasse invariant of E,; is the element
h € k such that C(w) = h1/Pw, where C is the Cartier operator, we find that § is the
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coefficient of y?~! in ((1 — y?)(b% — ayQ))(p —b/ ?, or equivalently, the coefficient of 2P~1 in
(V%22 —1)(ax? — 1))(p71)/2.

Recall that E, is called ordinary if the p-torsion group of E, }, is isomorphic to Z/pZ, and

supersingular if it is isomorphic to 0, and the former occurs if and only we have h # 0.

Finally, we recall [3, Lemma 4.3]:

Lemma 2.1. Let f € k[E,;| (where k[E,p] denotes the affine coordinate ring of Eq,p).
Then,

= fi(@)+ fa(y) + yfs(z) + zfa(y),
for some fi, fa, f3, fa € Kklt], with f2(0) = f3(0) = f4(0) = f1(0) = 0. Moreover, this

representation is unique in k[Eq ).

We also have the following particular case:
Lemma 2.2. Let f € k[x,y]. Then, there are fi, fo € k[t] such that
f@0?) = L(@%) + fa2(y?)

in k[Eqp], with deg, fi < deg, f, deg, fo < deg, f, and f2(0) = 0. By Lemma this

presentation is unique.

Proof. The result follows by inductively proving the result for monomials 22y?, 2 y? for
r > 2, and xQ”yQS for s > 2. O

As an immediate consequence we have:

Proposition 2.3. Let

L(i,5) < {f@y?) : f € Klz,y], deg, f <1, deg, f < j} C k[Eq,)

Then, L(i,7) is a k-subspace of k[E,p] with dimy L(4,j) =i+ j+ 1.

We also shall need the following result in Section [G}
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Proposition 2.4. Let A€ L(i,5)\ L(i,j— 1), B € L(m,n)\ L(m—1,n), and C € L(d,e),
such that (A, B) = (A) N (B), and let r o max{d,m +i}, s © max{e,n+ j}. Then, there
exists w € L(r —i,n) and v € L(i,s — n) such that

Au+ Bv =C.

Moreover, if 4 € L(r —i,n) and 0 € L(i,s —n) also give us At + B0 = C, then there is
some A € k such that t = u+ AB and 0 = v — \A.

Proof. Let ¢ : L(r —i,n) ® L(i,s —n) — L(r, s) defined as 1(u,v) = Au+ Bv. Thus, 1) is
a linear transformation, and since (A, B) = (A) N (B), we must have that (u,v) € ker if
and only if © = Bw and v = —Aw for some w € k[E, ;|. Note that since A, B, u, and v all

only involve even powers, then so does w.

Using Lemma 2.2} let then

—A = fi(2*) + f2(y?),
B = gi(z*) + g2(y°),
w = hy(2%) + ha(y?),

which gives

Then, 2n > deg,u = deg, g2(y?) + deg, ha(y?) = 2n + deg, ha(y?), and hence hy € k.
Similarly, we have that 2i > deg, v = deg, fi(2?®) + deg, h1(2*) = 2i + deg, h1(2*), and
hence hq € k, and thus w € k.

Therefore, we have that ker ) = span{(B,—A)}, and hence
dimy ) (L(r — i,n) ® L(i, s — n)) = dimy L(r — i,n) 4+ dimy L(i,5 — n) — 1
=r+s+1
= dimy L(r, s),
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and ¥ must be surjective.

Finally, the last statement immediately follows from the fact that ker+ = span{(B, —A)}.
g

3. CANONICAL LIFTINGS OF EDWARDS CURVES

Let k be a perfect field of characteristic p > 0. Associated to an ordinary Edwards curve E
over k (or more generally, any ordinary curve of genus 1 with a rational point), there exists
a unique (up to isomorphisms) Edwards curve Egp over W(k), the ring of Witt vectors

over k, called the canonical lifting of Eqyp, and a map 7 : E, (k) = Eqp(W(k)), ie., a lift
of points, called the elliptic Teichmiiller lift, characterized by the following properties:

(1) the reduction modulo p of Eqp is Eqp;

(2) 7 is an injective group homomorphism and a section of the reduction modulo p,
which we denote by ;

(3) if o denotes the Frobenius of both k and W(k) and if ¢ : E,, — Ef, denotes
the p-th power Frobenius, then there exists a map ¢ : Eqp — Eq 4, such that the

diagram

Ea,b(]k)

commutes. (In other words, there exists a lifting ¢ of the Frobenius ¢. See, e.g., [13]
and [4].)

This concept of canonical lifting of elliptic curves was first introduced by Deuring in [5]
and then generalized to Abelian varieties by Serre and Tate in [I3]. Apart from being of
independent interest, this theory has been used in many interesting applications, such as
counting rational points in ordinary elliptic curves, as in Satoh’s [15], coding theory, as
in Voloch and Walker’s [I7], and counting torsion points of curves of genus g > 2, as in
Poonen’s [14] or Voloch’s [16].
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So, let k be a perfect field of characteristic p > 2,
B /X b3zd + y3 = 1+ apz®y? (3.1)
be an ordinary (twisted) Edwards curve,
Eop/W(k) : b*z* +y* =1+ az’y? (3.2)
be its canonical lifting, and 7 : Ey 4, (k) — Eq5(W(k)) be the elliptic Teichmiiller. Then
7(z0,y0) = (o, F1, F2,...), (0, G1, G2, - .., ),

where F; and G are in the function field k(Eq p,)-

Here are the main results of [3]:

Theorem 3.1. With the notation above:

(1) We have that 7(0%) = OF and 7(Q%) = QF. Moreover, if ki, for i = 0,1,2,
represent both the involutions of Eqyp, and Eqp (as in Eq. (2.3)), then we have

that k; o T = T o k;. In particular, we have
1
(xo, Fl, FQ, .. ) = E(bowo, Gl(boxo), Gg(boxo), . .),
(v0, G1,Ga, . ..) = b(yo/bo, F1(yo/bo), F2(yo/bo), - - ).

(2) The functions F; and G; can be taken to be odd polynomials in k[xo| and k[yo],
respectively.

(3) For alln > 1, we have

deglo degyg G (n + 1)p - np 17

and

dF, n_1)/(p—1) /72,2 (p"—1)/2 p n—1)/2 n—k_1dF}
dzo = "D/ )(b():”o -1 (aozj — Z Y dzo’

dG n n_1)/2 n_1ye "k 1 dG
n_ @ =D/ 0= (12 _ go)2 @ =172 _ 2@ )2 ar 1dG
o b (b5 — ayp) (1) kz:% k T

(Remember that b denotes the Hasse invariant of Eqy.)
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4. THE GREENBERG TRANSFORM

It is often convenient to use the Greenberg transform when dealing with varieties over rings

of Witt vectors, so here we review its definition and basic properties.

Let R = k|zo,y0,21,y1,...] and ® = (x0,21,...),y = (yo,y1,...) € W(R). Thus, if
f(x,y) € W(k)[x,y] € W(R)[x,y], where x and y are the variables of the polynomial ring,
then f(x,y) € W(R). (We are basically replacing the variables x and y by Witt vectors of
variables @ = (xg,x1,...) and y = (yo, Y1, ...).) Hence, we have that f(x,y) = (fo, f1,--.),

where f; € R, or more precisely, where f; € k[zo, ..., %, Y0, -, Yil.

Definition 4.1. For f € W(k)[x,y], we refer to f(x,y) € W(R) as above as the Greenberg
transform of f, and denote it by G(f).

Moreover, if
C/W(k) : f(z,y)=0,
we define the Greenberg transform G(C') of C to be the (infinite dimensional) variety over
k defined by the zeros of the coordinates f, of G(f), i.e., if G(f) = (fo, f1,...) as above,
then
G(C)/k : fo(zo,y0) =0
fi(zo, z1,90,91) =0

Ja(xo, 21,2, Y0,y1,y2) =0

Note that in practice we deal with Witt vectors of finite length, in which case we can

truncate the Greenberg transform and then have a finite dimensional variety over k.

Moreover, it should be clear from the definition that there is a bijection between rational
points C(W(k)) and G(C)(k), as f(a,b) =0, with a = (ag, a1, ...) and b= (by, b1,...), if
and only if f,(ag,...,an,bo,...,b,) =0 for all n.



10 LIAM BITTING AND LUIS R. A. FINOTTI

In particular, F and E are Edwards curves, as in Egs. (3.1)) and (3.2)), then the (n 4 1)-nth
equation of G(F) is given by

n n (o

- ag Z/(Jp )xg Ty +2(1 — ag xop )yg Yn + bnwop - anxop yop =y, (4.1)

2(b5
where no omitted term involves a,,, b,, T, or y,. Hence, if

V(J/‘an()) — ((I’O,Fl,FQ, .. ')7 (yO)GlaGQa .. '7))5

is a lift of points, then
2(bgn — ag"ygpn)xgnFn +2(1 - agn:pgpn)ygnGn + bnxgpn — anxgp"ygp" — ... (4.2)

(in the affine coordinate ring of the curve). See [II] for more general expressions for the

coordinates of the Greenberg transform.

5. MINIMAL DEGREE LIFTINGS MODULO p?

Let, again, k be a field of characteristic p > 0. Voloch and Walker proved in [I7, Propo-
sition 4.2] that, when E is an ordinary elliptic curve in Weierstrass form, E/W(k) is an

elliptic curve that reduces to £ modulo p, and

V(xﬂuy()) - ((onl) F27 .. ')) (yO) Glu G27 .. ))a

is a lifting of points between the affine parts of the curves, then if the orders of poles at
infinity of F; and (G are less than 3p and 4p, respectively, then E is the canonical lifting
of E¥ and v is the elliptic Teichmiiller lift. This implies that the elliptic Teichmiiller lift has
minimal degrees (for the second coordinate functions) among all lifts of points, and that
this minimal degree only occurs when FE is the canonical lifting. We have the same result

for Edwards curves:

Theorem 5.1. Let k be a field of characteristic p > 2, Eq,p,/k be an ordinary Edwards
curve, Eq/Wo(k) (remembering the W, (k) denotes the ring of Witt vectors of length r)
be an Edwards curve that reduces to Eqyp, module p, and v : Eqq py (k) = Eqp(Wa(k)) be a
lift of points given by v(xo,yo) = ((xoF1), (Yo, G1)). If ordg+(F1) < 2p and ordg+(G1) < 2p,
then Eqp is the canonical lifting of Eqp (modulo p?) and v is the elliptic Teichmiiller lift.

In particular, this holds if F1 and G1 are polynomials of degree less than 2p.
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Remark. Note that by Theorem @ the Teichmuller lift is such that degm F| = degy0 G =
2p — 1.

Proof of Theorem [5.1. By [3, Corollary 7.2], it suffices to show that

(<mo,1 F1)> (%) = ((x0,1G1)> (%) =0.

The result follows since

and

ordg+ (z9) = —1, ordp=(yo) = —1.

Thus, we can see that if the curve is ordinary, the elliptic Teichmiiller lift is the lift of points
with minimal degrees. In fact, supersingular curves always have larger degrees, but before

we can prove it, we need the following lemma:

Lemma 5.2. Let
def
f(zo,10) = bgag + g — (1 + a0x§y§> ,

with ag, by # 0, and suppose we have

[0 )8 — awd)] M (o) = [0 — D(avad — )] halwo) 49 F  (5.1)

(in k[wo, yo]) for some k > 1 and g € k[, yol, h1 € Kk[wo], ha € k[yo], and with deg, h1,deg, ha <
4k. Then,

[ (¥ —aowd)] " | ha(vo).
(8323 — 1)(a0a3 — 1)) | B ().

In particular, we have deg, hi(wo) = deg, ha(yo) = 4k.

Proof. We prove by induction on k. The result is trivial if £ = 0.

Evaluating Eq. (5.1) at yo = 1, we get

(1323~ 1)(aoa? — 1)] “ha(1) = —g(wo, £1) - (8 — ao)a.
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Since the right-hand side has no constant term, we must have that he(£+1) = 0, i.e., (1—y3) |
ha(yo)-

def

Now, evaluating Eq. (5.1) at yo = 5 = £bo/ a (extending k, if necessary), and evaluating

at yo = B, we get

k
(0823 = 1)(aozd — D] ha(8) = —g(0,8) - (8> = 1),

This implies that if ha(3) # 0, then we must have deg, g > deg,, g(xo, ) = 4k. But then,
the degree on xq of the left side of Eq. (5.1)) is less than or equal to 4k, while the degree of
the right side is at least 4k + 2, a contradiction. Hence, we must have that ho(f8) = 0 and

(b3 — aoyd) | ho.

Thus, we have that (1 — y2)(b3 — aoyd) | h2, and a similar argument yields that (b3z3 —
1)(apx3 —1) | h1. These also imply that (1—y3) (b3 —aoyd)(b3x3 —1)(apzd —1) | g. Hence we
can divide Eq. (5.1)) by (1—y3) (b3 — aoy3) (b3z3 —1)(apzd — 1), and the induction hypothesis
yields the result. O

Theorem 5.3. Let Eq p,/k be a supersingular curve, Eq/Wa(k) be a lifting, and v(zo,yo) =
((zoF1), (yo, G1)) a lift of points with F1 € k[wo] and G1 € Kklyo]. Then deg, Fi,deg, G1 >
2p — 1.

Proof. Let
Eap/Wa(k) : f(x,y) = (b, b1)’@? + y? = (14 (a0, a1)a’y?) =0,

and f (l‘o,yo) boazo + oy - (1+ axgyg), the reduction modulo p of f, which gives the
equation for E,jp,. Since v is a lift of points, we must have that v*f = 0 in the function

field k(Eqq b, ). The second coordinate of this expression gives:
FEFL A+ S5,G1 A+ buag” + aag "+ () = 0,

where f,, and fy, are partial derivatives of f and v1(f) is as given in [10].
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Note that although the definition of 11 (f) is not straight-forward, its partial derivatives are

rather simple:

9 i) = PR — faofP T =

a:vo

-1 — -1
aiyowl(f) 50 _fyofp ! :yg 50'

Thus, taking the differential of the equation above, we get
f2 Fldao + f2 Ghdyo + b f2 dxo + v~ f2 dyo = 0.

Since fy,dzo = — fy,dyo (and fi, # 0), the above equation simplifies to

P (F e ™) = i (G )

Note that since 23(b3 — aoyd) = 1 — v2 in k(E,, 1), we have that

)

= a0 - )83 - and)] "

and similarly
- (p—1)/2
£t = 4083 — D(aoaf — 1]

Thus, we obtain

(=) —a0u)] " (F 4t ) =
et G t)

in k{xo, yol, for some g € k[xg, yo].

Now, if we assume that deg, Fi1,deg, G1 < 2p —1, and hence deg, F+ xg_l, deg,, G|+
yb~! < 2p—2, then we can apply Lemma which gives us that [(1 — y3) (b — aoyd)] (p=1)/2 |
(G'l + ygA) and [(b323 — 1)(apzd — 1)](p_1)/2 | (Fl’ + 3:1871). But this implies that deg,, F1,deg,, G1 >
2p — 1, and since then the equality must occur, we have that

(p—1)/2 _
Fl =k - {(bgmg — 1)(apz? — 1)} P — b L
}(p—l)/2 p—1

G = ky - [(1 = 93) (0] — aowi) — 5
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for some k1, ko € k*. But this is impossible since the Hasse invariant is zero by assumption,
and hence the right sides have terms in :):8_1 and yg_l, respectively, and therefore cannot

be derivatives. m

Thus, we have that among all Edwards curves, to obtain lifts of points having the smallest
possible degrees for the second coordinate, we must start with an ordinary Edwards curve,
take its lifting to be the corresponding canonical lifting, and take the lift of points to be the
elliptic Teichmiiller lift. If any of these three conditions is not satisfied, then we necessarily

have larger degrees.

6. MINIMAL DEGEE LIFTINGS

As previously observed, Voloch and Walker used liftings of curves to construct error-
correcting codes, and smaller degrees yield better bounds for the parameters of the resulting
codes. Therefore, it makes sense to look for minimal degrees, which motivates the definitions

introduced below.

We will have two difference scenarios:

(1) We start with Edwards curves E, p,/k and Eqp/W(k), with the latter reducing
to the former modulo p, and find a lift of points v : Eyyp,(k) = Eqp(W(k)) with
coordinate functions having degrees as small as possible. (We will refer to these as
minimal degree lifts, properly defined in Definition below.)

(2) We start with only an Edwards curve Ey, ,/k, and find both a lift E, s to W(k)

and a lift of points v : Egy (k) — Eqp(W(k)) with coordinate functions having

degrees as small as possible. (We will refer to these as absolute minimal degree lifts,
properly defined in Definition below.)

After imposing some restrictions on the kind of lift of points v we will study, in this section
we will also find upper bounds (in Theorem [6.4) and lower bounds (in Theorem for
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these lifts of points. (In Section [8| we investigate some cases in which the lower bound can
be achieved.)

Throughout this section, we let E, 5, be a twisted Edwards Curve over a perfect field k of

0,b0

characteristic p > 3 given by
Eug o/ X W32 + 92 = 1+ apz’y? (6.1)
and Egp be a lifting of E,, 3, given by
E.p/W(k) : b%z? +y* =1+ ax’y?

(and thus a and b reduce to ag and by modulo p, respectively). We shall also denote by U

and U the affine parts of E,, 1, and Eqp respectively. Finally, we let v : U(k) — U(W(k))
be a lifting of points (between the affine parts only) given by

V(J:OJyO) - ((I[‘O,Fl,FQ, .. ')7 (y07G1)G27 .. ))

with F;, G; € Ik(an,bo)-

Note that requiring that the image of U(k) via v is contained U(W(k)) is not sufficient
to guarantee that the coordinate functions are polynomial, as denominators involving, for
instance, b% — aoyg could still appear. But, although we will mostly consider the affine parts
of the curves, we will consider lifts of points that have properties that allow them to perhaps
be extended to the points at infinity. Moreover, we will require that v also has the extra
properties of the elliptic Teichmiiller lift 7, namely, that they commute with the involutions
ki, for 1 = 1,2, 3.

By [3, Proposition 4.4], these requirements force v to have a restricted form, quite similar

to 7 and motivates the following definition:

Definition 6.1. A lift of points v as above is called an Fdwards lift if F; € k[xo], G; € k[yo],
both odd, and satisfying

1
(zo, F1, Fa,...) = E(bowmGl(boxo),G2(bofL’0)7 )
(Y0, G1, Ga, - ..) = b(yo/bo, F1(yo/bo), F2(yo/bo); - - -)-

Hence we must have deg F; = deg G;.
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Note that Edwards lifts do not necessarily extend to points at infinity. For that we would

also need that

V= (0F) = +a'/?, v =(Q%) =0,

8|+~
8|+~

1/2
v~ (0%) = 0, v (Qi):aT

Q|
Q|-

We now give the precise definition of a minimal degree lift (of points), which is done recur-

sively:

Definition 6.2 (Minimal Degree Edwards Lift). Let E, p, and E,j be Edwards curves as
above. A minimal degree Edwards lift modulo p? from Eq, b, to Eqp/Wa(k) is an Edwards
lift

v(zo,y0) = ((zo0, F1), (Yo, G1))

where deg(F}) and deg(G1) are minimal.

Inductively, a minimal degree Edwards lift modulo p™* from Eq, b, to Eqp/Wni1(k) is an
Edwards lift

V(x()ay[)) == ((.’L’O,Fl, cee 7Fn)7 (y07G17 .. 7Gn))

whose reduction modulo p” is a minimal degree lift modulo p™ and deg(F,,) and deg(G,,)

are minimal.

Note that with these minimal degree liftings, the lifting E, 3 of E, 3, is fized, and we look
for lifting of points between these two curves with minimal degrees. The next definition
deals with the case when we want to chose a lifting of E, ;, that yields minimal degrees

among all possible liftings.

Definition 6.3 (Absolute Minimal Degree Curve). Let Eq 5, be as above. We define an
absolute minimal degree curve modulo p? over Eqq b, to be a curve Eqp/Wo (k) that reduces

to Fyy.p, modulo p satisfying the following property: if

v(wo,y0) = ((zo, 1), (v0, G1))

is a minimal degree Edwards lift from E,;;, to Eqp and Emb is any curve that reduces to

0,bo
Ey, p, modulo p, then any minimal degree Edwards lift

7(20,90) = ((z0, F1), (0, G1))
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from Eg, 3, to Ea,b satisfies deg F} < deg F (and hence also deg G1 < deg Gl) In this case

we call v an absolute minimal degree lift (of points) modulo p>.

Inductively, an absolute minimal degree curve modulo p"+! is a curve E,,/Wyt1(k) whose
reduction modulo p" is an absolute minimal degree curve modulo p" over E, 3,, satisfying

the following property: if

V(x()ay[)) - ((.’L’O,Fl, cee 7Fn)7 (y07G17 .. 7Gn))

is a minimal degree Edwards lift from E, 1, to Eq4p and Emb /Wy11(k) is any curve whose
reduction modulo p" is equal to the reduction modulo p" of E,, then any minimal degree
lift

7(x0,y0) = (w0, F1, ..., Fr), (0, G1, ..., Gn))
from Eq, 3, to E,Lb is such that deg F}, < deg Fn (and hence also deg G,, < deg G’n) In this

case we call v an absolute minimal degree lift (of points) modulo p™+!.

We start by finding an upper bound for the degree of a minimal degree lifting (independent

of the choice of the curve E,p):

Theorem 6.4. Let Ey p,
U be the affine part of Eq, b, Eap be an Edwards curve over W(k) that reduces to Eq, p,
modulo p, and U be its affine part. Then there is an Edwards lifting of points v : U — U

be an Edwards curve over a perfect field k of characteristic p > 3,

given by
v((zo,v0)) = ((wo, F1, F2,...), (y0,G1,G2,...))

such that for alln
deg F,,deg G,, < (n+ 1)p™ + np" L.

To prove this, we first introduce some notation from [7] and [§].
Definition 6.5. Let v : K — R U {oo} be a valuation of the field K. For e > 0, define:
Ur(e) o {s = (s0,51,...) € W(K)™ :v(sn) > p"(v(s0) — ne), for 0 <n < r},

and U(e) = N,>1 Ur(e).

Lemma 2.2 of [8] shows that U,(e) and U(e) are groups.
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Proof of Theorem[6.]]. Throughout we use the valuation v := ordg+, and hence v(zg) = —1
and v(yo) = 0.

Again we prove this by induction. By Theorem the statement clearly holds for n =1,
so we assume n > 2. Consider the (n 4 1)-nth coordinate of the v*G(Eqp), which, by

Eq. A2 is given by:

2(bg — aoys)” a;g"Fn +2(1 — apzd)” ygnGn + bnxﬁp" — anxgp"ygpn =, (6.2)

where we regard F),, and GG,, as unknowns.

By the induction hypothesis we have that

(anFla .. 'aFTL)a (yO,Gla .- aGn) S Unfl((p_}— 1)/p)7

and by [8, Lemma 3.2], we have that all the omitted terms have valuation greater than or
equal to p" (=2 — n(p + 1)/p), i.e., of degree in g less than or equal to (n + 2)p" + np™~ 1.
A similar argument using v def orde+ instead gives the omitted terms have degree in yg less

n—1

than or equal to (n + 2)p™ + np
Note since F; and G; are odd, [8, Lemma 5.1] tell us that the coordinates of

((L‘(),Fl, FQ, - .)2 and (y(), Gl, GQ, oo .)2

only contain even powers of zg and ¥, and hence the same must be true for the omitted
terms in Eq. (6.2) above.

Let now F;,, = xou and G,, = yov, regarding now u and v as unknown even polynomials
in k[xo] and k[yo] respectively. (We will show that there are such F,, and G, of form by

finding u and v, so for now this is taken as an assumption.) Observing that
(b5 — aoyp)af = (1 —y5) and (1 —aozg)yp = (1 — bgep),

Eq. (6.2) above becomes
Au+ Bv = C, (6.3)
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where
A et 2(b(2) — aoyg)pnmgnﬂ
p"+ p"—1
=2(1—y3) 2 (b5 —aoyy) ° ,

B df 2(1 — agwg)pnygmrl

p"+1 p"—1
=2(1- bgmg) 2 (1- agx%) 2,

and C' be the omitted terms from Eq. (6.2)). Then, we have that
p"—1 pr—1012 2\P" n n
Zo yo (0§ — aoyp) 2\? 2\?
A 4 B=(1- —1, 4
() o (8 oo ) 1
and thus (A) N (B) = (AB). Therefore, by Proposition we have that there are u €
L((n +2)p™ +np"~1,0) and v € L(0, (n + 2)p™ + np™~1) such that Au + Bv = C.

Now, let A* 2(b% - aoyg)pn and B* 2(1— aoxg)pn. Noting that (A*) N (B*) = (A*B*)
by Eq. and since A = xgnHA* and B* = ygnHB*, Proposition now gives us
that there are u* € L((n + 2)p" + np"~1,0) and v* € L(0, (n + 2)p"™ + np"~!) such that
A*u* + B*v* = C.

Since also A*xgmrlu + B*ygnHv = C, by Proposition we have that there is A € k such
that

nyl
u* = af tu+ \B*,
v*:yg +1’U—)\A*,

and hence (p" +1) deg, u = deg, u* < (n+2)p" +np" ', ie., degy u < (n+1)p" +np"~' —1,
and similarly, deg, v < (n + 1)p" + npt — 1.

Hence, letting F;, def ro-u and G, def 1oV, we obtain the desired bounds.

On the other hand, at this point we cannot guarantee that these F,, and G, give an Edwards
lift, as the resulting lift of points might not commute with the involution k3. But, by the
induction hypothesis

1
5 (bo.%‘(], Gl(boaj‘o), ey Gn(b0$0)) = (.7}(], Fl(l‘o), PN 7Fn71(1‘0)7 Hn(:[,‘(]))

b (yo/bo, F1(y0/b0), - - s Fu(yo/bo)) = (y0, G1(Y0); - - - » Gn-1(40), In(¥0))
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for some polynomials H,, and I,,. By [8, Lemma 5.1] again, we have that these polynomials
are also odd, and hence H,, = xod, I,, = yo0, with @ and ¢ even polynomials in k[zo] and
k[yo] respectively. Evaluating the equation of Eg at this pair of polynomials give us that
(i1, ) is another solution of Eq. , and by Proposition we have that 4 = u+ AB and
v — AA for some A € k.

D=

Now, we try to modify our original v and v so that the resulting lift is an Edwards lift.

Let @ % u + %B and ¥ = v — %A. Then, (@,?) is another solution of Eq. (6.3) and thus

F, def ot = F, + %xOB and G, def YU = G, — %yoA are odd polynomials that define

another lift of same degrees. Then, observing that

1 n_
——A(bozo) = B(zo), and b 'B <y0> = A(yo),
R bo
we get
1 -
E (bol‘o, Gl(bol'o), N 7Gn71(b07~30)7 Gn(bolbo))
1 A
= 5 (boxo, G1 (bo.fC()), ey Gn_l(boxo), Gn(bol’o) — 2boon(b0x0)>
1 A
= (fl?o, Fi(z0), .-, Fu1(z0), Hn(20) — n2bomox4(boﬂfo)>
bo
A
= (l‘o, F1 (.’L‘Q), ceey Fn,1($0), Hn(aj‘o) — 2CUOB> .
But

A A A A ~
Hn — §$OB = 370@ — 51’03 =20 (u + /\B) — §xoB = X0 (U + 2B> = xoﬂ = Fn,

and thus

1 N -
g (bol‘o, Gl(bg.ro), ey anl(boaﬁo), Gn(b0$0)> = ($0, Fl(:L‘()), e ,anl(l:(]), Fn(.fl:(])) .

A similar computation yields

b (yo/banl(yo/bO)a . -aFn—l(yo/bO)jn(yo/bO)) = (yoaGl(yo)a - 7Gn—1(yo)7én(y0)) :

and hence the lift of points

(CUOaZUO) = ((xO)Flv cee 7Fn717Fn)a (yﬂaGl) .. '7anlvén))

is an Edwards lift with the degrees bounded as in the statement. O
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We can now give general lower bounds for the degrees of the coordinate functions of lifting
of points for Edwards curves, that apply to Edwards lift, as well as a necessary condition

to attain them in this case:

Theorem 6.6. Let v((zo,y0)) = ((zo, Fi1,..., Fpn), (y0,G1,...,Grn)) (for n > 1) be a lifting
of points (not necessarily an Edwards lift) from the affine part U of an Edwards curve Eqg p,
to the affine part U of a lift Eqp, where F; € klxo], G € k[yo] and

deg(F;) = deg(Gi) = 2p' — 1

fori=0,1,...,(n—1). Then deg(F,),deg(G,) > 2p™ — 1 and if equality holds then

ar n ot Pt nt_1 dF
n_ =@ -1 /(p—1) (32,2 _ 3 _ 1) =z _ E : pt i -19k

dG 7 Ln_l Ln_l — n—k__ dG
o p=@" =D/ D2 _ o) 2 (1 —12) 2 — aP 146k

dyo b ( 0 03/0) ( Z/o) §: k 7dy0

where by is the (necessarily non-zero) Hasse invariant of Eq p, -

Proof. Firstly, as in [8, Theorem 4.1], we have that
n n—1 n n—1
(@,y) > (27" +pFY 4 4 P Fo, g PG 4 DGy

where F'; and G; are lifts of F; and G; to W(k)[x] and W(k)[y] respectively, gives a lift of
the p"-th power Frobenius ¢" : U — U°", which we denote by ¢".

Now let
def 2ydx  2zdy
b x2 -1 1—y?
be the invariant differential of E,p, and wy be its reduction modulo p, i.e., the invariant

differential of E, p,. Then the reduction modulo p of (#(j)”)*(w”") is given by

def 2Yo ( o Fi dmo) Qe — 21 ( 0 G dy0> d
W = 2 xTo = P Yo,
(bgg — 1) (1—yp)’

which can be also represented as

p"—1 pr T —1dF;
Yo ( 1= OF dzo

p"—l pn i —1 dG
) x ( 0 Gy T
Yo
wo = wo-

(b3a3 — 1) ! (1- yo)pn_1

w =
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Since the invariant differential is regular on U®", the reduction modulo p of its pullback by
¢"™ must also be, and hence we have that w = A\ wyp, for some A, in the affine coordinate

ring k[Eq, p,]. From the representations of w above, we then obtain

pt—1 n—i_q dF; pt—1

o3
3
|
—
<.
= 1
O
=g
3
!
|
—
[oB
K
I
>
3
oS
—
|
S
—
i
B
|
—_

Now, since

3

3

|
—

we get
an 2 92 pn71 n— k_ldFk
Tm = )\n(bo.fo — 1) 2 (aoxo — 1 2 Z Fp T%’
dG pt-1 pt-1 - n—k_1dG}
D= —aod) T -y} T Y R
dyo ( 0 Oyo) ( ?/0) Z k dyo

n_ n_q

This implies that A, (b33 — 1)1)7(%95% —1) 2 must be equal to a polynomial in z( in
k[Eqq,b,]. We then have

P e — 1) — 2.2 5 g2 1) T
deg,, | An (bazg — 1) (apxg — 1) = —ordg+ | An(bgzg — 1) (apxg —1)
= (2p" — 2) — ordg+ (A,) > 2p™ — 2,

and therefore, since for k < n we have that

n—kldFk> _ 2}7" . 1 —pn_k

deg,, <F,f 1o

by the induction hypothesis, we have that deg,  F;, > 2p" —1. Similarly, deg, G, > 2p"—1.

Now if the equality occurs in both cases, then ordg+ A, = ordg+ A, = 0, and since A, €

Kk[Eqy.b,], we must have that A, € k.

0,001>
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We now must show that in this case we must have \, = h~®" =D/~ which we also do
by induction. For n = 1, the formula for the derivative is

dF p=1 p=1 -

=1 M(bozd —1) 7 (apxd —1) Z — b L

dl‘o

But for the terms on the left-side to be a derivative, it must contain no term in 1:871, and
p—1 p—1

hence A; is the inverse of the coefficient of :cgfl of (boxd —1) 2 (apwd —1) 2, i.e., the

inverse of the Hasse invariant b, which therefore must be non-zero. Hence, we have that

A1 = b7, as needed.

Now, by the induction hypothesis, we have

pnfl 1 pn 1—1i 1dF
p o/t _ Y0 i 0 Fi dzg
n—1
(bof'fo )p -
Then, if C denotes the Cartier operator, we have
2ygn Fpn 7 1dF
Clw)=C (Z _— i) dzo
(boﬂfo )p
pn—l -1 pn—l—iil dFZ
_ 240 (Z?:o K E) dey
(bomo )pnil
nflil -1 nflfiil dFZ
()
(boﬂfo )pnilil

= =" D/ (D)

But since we also have w = A\,wp, we obtain C(w) = A}Z/pC(wo) = )\}Z/phl/pwo. Comparing

these two expressions for C(w), we obtain the desired expression for A. O

7. TECHNICAL LEMMAS

Our next goal is to prove that we can achieve the lower bound for ordinary elliptic curves
up to the third coordinated, stated as Theorem [8.I] below. Its proof requires many involved
computations, and thus we shall use this section to introduce some lemmas with the intent

of simplifying the exposition. Although notation-heavy, most of these lemmas are quite
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simple, with one exception (namely, item [2[ of Lemma , which shall take most of this

section.

We shall assume in this section that F, p, is an ordinary elliptic curve, E, is its canonical
lifting, and
T = ((-T()a Fla FQ)a (yoa le GQ))

is the elliptic Teichmiiller lift.

Note that if b= b (mod p), we have that the Edwards curves give by
b’z? + y? =1 — ax’y?

and »
b z? +y?=1- ?aa:2y2

are isomorphic, with isomorphism (x, y) — (%w, y), and hence we can assume, without loss
of generality that b = (by,0,0), and we will assume that this is the case for the canonical

lifting E, p.

We start with some notation and simple results about representations in the affine coordi-

nate ring k[FEq, p,]:

Lemma 7.1. Let
Ar(yo) € yo — 1, As(yo) = aoyo — B2, As(yo) < a2 — 202yo + 02
Bi(xo) def b%xo -1, Bs(xg) def aoro — 1, Bs(zo) def agb%xg — 2b%ac0 + 1.

We then have:

(1)
Bs(x5)Aa(yg) = (b — ao)(B3x5 — ),

As(y3)Ba(xg) = — (b5 — ao) (bgzg — )

By(g)ys = Bi (),

As(yd)ag = A1 ().
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(3) Aa(y5)Ba(af) = b — ao.
(4) Fori,t € Z=g and t > i, we have

(2 — a0)' By (22)" " = 42" Ay (yo)' Ba(22)".

(5)
A1 (bgz5) = Bi(xp),
Aa(bg5) = b3 Ba (),
As(b3g) = b3 Bs(af).

Proof. The proof is completely elementary and can be easily checked.

25

The next lemma, which deals with the second coordinates of the elliptic Teichmiiller lift

(i.e., F1 and Gy), is also relatively simple, except for item [2| which is a key step for the

proof of Theorem and will take most of this section.

Lemma 7.2. Assume that p > 7 and let

(1) There are polynomials q1,q2,71,72 € k[t] such that

Fi(z0)® = dy(zd)q1(d) + r1(2),

G1(y0)? = da () a2 () + r2(43).

with degq; = p — 5 and degr; < p+ 3. (Hence, the equations above give the long

divisions of F2 and G by dy(x3) and da(y3), respectively.)

(2) There are oy € k, forie {0,1,...,(p—5)/2} and ¢; € k[t] with degq; < (p—9)/2,

for j € {1,2}, such that
(p—5)/2

q1(t)
=0

(p—5)/2

(1)
i—0

a+ S alt- BT Bty

Bl + S alt- 41T A )
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(3) Let fi(t) ey qi(t) — Gi(t), and hence given by the summations above. We then have

p—>5

fi (350)142(.%) = —fz(yo)B2(on) B

(4) We have
fo(0fat) = 5" fi(af)-

Proof. For the first item, remember that Fy (z) = xoF(23), and G1(yo) = 30G1(y3). Then,
we divide ﬁ'(t)z and é’(t)2 by di(t) and da(t):

B = g0 0) 4 5100,
ety = 2 5(0) 1 ),

with deg7; < p + 2. Letting r;(¢) Ly 7, (t), the above equations give us the desired result.

Assuming that item [2| holds and using item [2] of Lemma we get

ps  (P5)/2 s i i
AE)As@d) ? = Y alwdBid)Aawd)] T Baad) o)
=0
_s (p—5)/2 2 P
2® Bi(p) i
— B 2\ 2 1,..22140 A 2 A 2
2(7) ; ’[xOBQ(mg) 2(¥0) 2(¥0)
ﬂ(l’—5)/2 ?—i ;
=By(a}) 7 Y aufududAad)] T As(ud)
=0
2 2 225
= fa(yg) Ba(zg) *

and hence item Bl also must hold.

Moreover, still assuming item [2| holds, and using item [5| of Lemma we have

(p—5)/2 5
2
f2 (boxo) Z o7 [bol"oAl(boxo)} A (bof’?o)
i=0
(p—5)/2 p=5_, .
= Y wi|fagBiad)] * 6 B(a})
i=0

= b fi(ad),
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which proves item [

Thus, it only remains to prove item 2] First note that since

deg ([t Bi(t)]"= ' Ba(t)) =p—5 i,
there are unique a; € k and ¢; € k[t] such that

(r-5)/2 o
o) =qa)+ Y. wlt-Bi(t)] 2 "Bat)',
=0

with deg g1 < (p—7)/2.

Similarly, we have that there are uniquely determined f; € k and ¢» € k[t] with deg g <
(p —7)/2 such that

(p—5)/2

el) =al) + S Blt-A®)]T A

1=0

Hence, we must show that o; = f3; for all 4, and that degq; < (p —9)/2.

For the first part, note that since 7 is an Edwards lift, and b = (bg,0,0), we have that
G1(boxg) = byFi(x0). Also, item [5| of Lemma and a simple computation shows that
do(b3x2) = b5t2dy (¢3). Therefore we have

1

—-G1(bozo)

2p
by

F1 (1‘0)2 =

1 2
= s da (W) qa(b) 8) + ra(VBad)
0

= di(a}) [bg " Vaa(ad)| + [by Pra(bdad)]

Thus, by the uniqueness of the quotient and remainder, we have q;(z2) = b, (p _5)qQ (x3) and
r1(22) = by Pro(b3a2). This gives us that

(p—5)/2

(p— (p—5)/2—i i
a1 (950) =by P=5)g (boxo) + by (b=5) Z Bi {b onAl(boxo)} A2(b3x8)
(p—5)/2 .
—(p— (p—5)/2—1i i
= bO (p 5) O'ZUO + Z 57, |:.’L'0B1( ):| BQ(.ZU%) .

Hence, by the uniqueness of the construction, we must have that o; = §; for all ¢ and
. 5
Qi(af) = by " qa(0F).
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Since this last statement shows that deg §; = deg go, it now suffices to show that degq; <
(p —9)/2 to finish the proof of item 2| Thus, if we let ¢ be the coefficient of xgp_7)/2 in ¢,

we must show that ¢ = 0. For that we look at the derivative

AR, LdF
d.T[) a 3F1 dﬂ?o
dF
= 3 () () + 1 ()]
o
2\ ~ 2 2 2 2 dFl
= 3[d1(xp)q1 (z5) + di(xp) f1(xp) + 7‘1(%)]0760-

Since this expression is a derivative, the coefficient of l‘gp ~! must be zero. Note that by
Theorem [3.1]
dF

G =BG Baa) T —at (7.1)

pt3
and thus the coefficient of 207" in 3dy(22)G (x3)dF, /dzg is 35 ay? bP ?c. Hence, to

show that ¢ = 0, it now suffices to prove that the other two terms yield no term in xgp -1

Since degr; < p — 3 and degdF}/dxg = 2p — 2, the last term yields no term in argp_l.

Finally, we look at
dF _ ~1)/2 —1)/2 -
(@) fulad) g - = ) AGR) [0 Baa) T Ba) T ] (1)
Since
deg (dl(xg)fl(xg)xg_l) =5p—3<5p—1,

the coefficient of xgp ! from Eq. (7.2) must come from
—1)/2 —1)/2 ptl
i () f1(a3) Bi () " By(wd) " = o Bu@R) Baad)  Ba(ad) fa(ad),

and it is the same as the coefficient of t?~1 in

P+

By(t)T Bs(t) fi(t

(p—5)/2 ' |
= Oli((lobth _ 2b(2)t + 1)t(P—5)/2—i(b(2)t o 1)(p*5)/272(a0t . 1)(p+1)/2+1.
1=0

Therefore, to conclude the proof, we now show that this coefficient must be zero. To simplify

our notation, let r dof (p —5)/2, so that the above equation becomes

Bo(t) P By(t) f1(t) = 3 cvi(agbdt? — 263t + V)¢ (b3t — 1) (agt — 1)7 3+, (7.3)
=0
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Then, for 0 < ¢ < r — 1, expanding the powers we get that the summand for index 7 on the
right-side of Eq. ([7.3) is «; times

r+3+i r—1i .
9,2 2 Itk (TH3FEN [T =0\ sy g 2(r—i—k) 3r43—imk—I
(agbgt® — 203t + 1) - g kz:%)(_l) ( l k af b, t

r+3+i r—i . .
_ I _ 1)tk T34 (r—i r+4+z‘—lb2(r+1—i—k)t3r+5_i_k_l
SIS e (T (7

=0 k=0

r+3+ir—1 . )
3 — . o '
+2- > Y (—1)iHktL. (r +l + Z) (7’ . Z) g il K) 3r4—i—k1
1=0 k=0

r+3+1 r—1 .
r+34+\[(r— . i1, 2(r—i—k) 3y i
+ Z Z(_l)l+k'< l )( . ) al T3t lb( ) 3r43—i—k—1

=0 k=0

Thus, the coefficient of t*~! in the expression above is equal to

= —q +3+1 r— 2(r—i—k)
1 r+l—i r 3+22+kb (
k;( ) <r+1—i—k>< k >a0
= _- +3+i\[r— 2r+1—i—k)
9. _qyrti (T 3+2z+kb(+
re e () ()

r—1—: . .
—1—4 r+3+4+1 r—1 ; 2(r—i—k)
_17‘ 1 i 2i+k+472(
+ 2 (- (r—l—k—z’)(k)ao %

k=0
; - [& +341 r—1
— (1)L 2i3p2r 220 r kp—2k
(=1 a0y kz:%r—kl—z’—k o )f0%
7'+3+'l 7 k1 —2k
2 b
g () ()

r—1—1 : ;
r+3+1 =\ kt1p—2(k+1)
E b .
! k=0 (r—l—kz—i)( k )ao ’

Now, dropping the non-zero constant isolated above, we can rewrite the above expression,

by isolation the terms in k£ = 0 in the first two summations and reparameterizing, as
r+3+i 434 " (r =i\ [(r+3+i
2
<T+1—i>+ < )+ kz:o k+1)\r—k—1i
r—i T34 ) (r—i r+3+i aftt
k+1)\r—1—k—1i k r—1—k—i bg(’”l)'
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We then first observe that, since 0 <i¢ <r —1= (p—7)/2, we have

P34\ o fr3d)  (rr3+9l p _
r+1—i r—i ) (r=)l2+2)! (r+1-9)3+2i)

Moreover, since k <r—1—d¢and 0<i<r —1, we havethat 2i + k+4 < 2r+2=p— 3,

and thus, by Pascal’s identity, we similarly have
r—i\(r+3+1 49 T—1 r+3+i n r+3+1
k+1/\r—Fk—i E+1)\r—1—Fk—1 k: r—1—Fk—1
=i\ [(r+4+i r+1—1 r+3+1
C\E+1)\r—k—i k+1 r—1—Fk—1

B —)l(r+3+19)!
(k+1)! (r—z— ) (r—1——k)! (2 +k+4)!

Therefore, all terms in t*~! from Eq. (7.3)) coming from summands corresponding to index

i between 0 and r — 1 are zero.

Finally, for index i = r, the corresponding summand from Eq. (7.3) is

(agt — 1)P*Q(a0bgt2 — 202t 4+ 1)

Il
M|

2 _o_
(pk )( 1)F a2 R =2=F (qob2t? — 203t + 1)
p—2 1Pk p2m—k
k (—=1)%ag 0
0
p—2 _2
+23° (pk >(—1)ka€_2_kb%tp_1_k
k=0
2 p-2 k
+ L e
> (1)

Thus, the coefficient of P~ is

—2
e ((p ) ) +2> _o.

which concludes the proof. O

'ﬁ?r‘
I\DO

k

The final lemma of this section is a simple result relating the second and third coordinates
of the elliptic Teichmiiller lift:
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Lemma 7.3. Let
T(x(]v yO) = (($07 Fla F2)7 (y07 G17 GQ))
Then, we have that deg,, (Q:ISQFQ — FIQP) ,deg, (ngGg — G?p) < 3p?—1.

Proof. By [3, Corollary 7.2], we have that 7*(1/x)(Q%) = 7%(1/y)(0%) = 0. Now, since

1 (1 n -8
(to, t1,t2) o tp 7

0
the result follows from Eq (2.2).

8. MINIMAL DEGREE LIFTINGS MODULO p?3

In this section we prove that we can achieve the lower bound for ordinary elliptic curves given
by Theorem up to the third coordinated. (Again, the motivation here comes from the
construction of error-correcting codes, where smaller degrees yield better parameters for the
resulting codes.) More precisely, we will show that given an ordinary Edwards curve, we can
obtain a lift of points (zg,%0) — ((wo, F1, F2), (Y0, G1, G2)) with deg F; = deg G; = 2p* — 1.
Note that by Theorem [5.1] we know we can achieve get deg F1 = degG; = 2p — 1 when
(zo,y0) — ((zo, F1), (y0, G1)) is the elliptic Teichmiiller (up to the second coordinate) itself.
But, by Theorem [3.1 we know that F» and G5 cannot be given by the elliptic Teichmiiller,

so a different lift is needed.

Theorem 8.1. Let Ey 1, be an ordinary elliptic curve, Eqp be its canonical lifting, and
7 = ((20, 1, I2), (v0, G1, G2))

be the elliptic Teichmaiiller lift. Then, there is a Edwards lift of points
v = ((zo, F1, F2), (yo, G1, G2))

between Eqyp, and the canonical lifting Eqp with deg,, Fy= degyO Gy = 2% — 1.
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Remark. The canonical lifting and associated elliptic Teichmiiller lift give the lower bound
for the second coordinates. But note that when adding the third coordinate, although the
curve that gives the lower bound is still the canonical lifting, the lift of points cannot be

the elliptic Teichmiiller lift anymore.

It is natural to ask if it remains true that the lower bound of Theorem can always be
achieve and the corresponding curve is always the canonical lifting. We do not have an
answer to this general question, or even computational evidence, as computations are quite
demanding. But in the case of elliptic curves, we could always get the lower bound for
the fourth coordinate in any concrete example we tried, although we could not prove it in
general, but the curves obtained were not the corresponding canonical liftings anymore. We

expect something similar would occur for Edwards curves.

Proof of Theorem[8.1]. As before, note that we can assume, without loss of generality, that
b = (by,0,0). Note that if deg;, T1(to) = 2p—1, deg,, To(to) = 2p* — 1 and if ¢ = (o, ¢1, c2),
with ¢; € k and ¢g # 0, then the second and third coordinates of

(co,c1,¢2) - (to, Ti(to), Ta(to))

have degrees 2p — 1 and 2p? — 1 respectively. This follows since the second coordinate is
given by
T (to) + cito,

and the third coordinate is given by
2 » v K=~ 1(D\ i i o) i
¢t To(to) + ciTi(to)” + catfy — Z]; et Tito)"
i=1
Thus, we shall assume that b = (bg,0,0), and if we can achieve the lower bound in this

particular case, we can achieve in any case using an isomorphism.

Moreover, we shall assume that p > 7. The cases for p = 5 and p = 7 can be computed
directly with the algorithms in https://github.com/lrfinotti/witt), but unfortunately,

the formulas are too long to be added here.

Similar to the proof of Theorem on the third coordinate of 7*G(Eqp) we have

2 2 2 2
2(by — aoyg)p b Fo +2(1 - aox%)p yh Ga=--+, (8.1)


https://github.com/lrfinotti/witt
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where the omitted terms do not involve Fy or Ga. By [3, Proposition 4.4], we can write
Fy(z0) = zoFp(ad) and Ga(yo) = yoGa(y2). Then, again, as done in the proof of Theo-

rem [6.4] the equation of E,;, allows us to rewrite the equation above as
A(R) Fay(22) + Ba)Ca(yl) = - - ,

where

p241 p2-1

Alyo) & 241 (y0) = As(yo) 7,

def P24l P21

B(z0) = 2B1(wo) 2 Ba(wo) 2 ,

with A; and B; asin Lemma and with the omitted terms equal to the ones from Eq. (8.1)).

Now, with the notation from Lemmas and and letting
F1(t) = ri(t) + du(t)qu(t),
Fa(t) = r1(t) + da(t)qa(2),
we can write
Fi(x0)* = di(af) f1(x5) + 71 (aF),
G1lyo)* = d2(yd) 2 () + T2(4),

with deg7; < (3p—1)/2.

Now, let
91 (o) def achFg — Ffp,
d2(x0) def yngz — G%p.
Then, by Lemma we have that degd; < 3p? — 1. We then have
o Fo = dy(ad) Si(@3) + [Fa(ad) + b1ao)] 52)

W Ga = da () 2u8)” + [Fa(03)” + G(w0)] (83)
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This implies that xSQ | di(23)" and ng | d2(y2)", and so let now

- det 71(23)" + 01 (o)
- 2

Fy(xo ;
(o) 7
5 of T2(y3)" +6
GZ(yO) d:f Q(yO) = 2(y0) )
Yo

Then, Fy and G are polynomials of degree less than or equal to 2p%—1, and we now proceed

to show that they give the desired minimal degree lifting.

To prove that
def . ~
v(zo,y0) = (0, F1, F2), (y0, G1, G2))

defines a lift of points between £, j, and its canonical lifting E, , it suffices to show that

0,bo
P 2P p? A
—2A4s(yg)" o Fo —2Ba(a5)” yy G2 =+, (8.4)
with the same omitted terms as Eq. (8.1)), or equivalently, that
2 2 2 2 2 2 2 2~
As(R)" 2l By + Ba(ad)” vl Go = As()" af) Fa + Ba(ad)” o) Goa.
By Egs. (8.2) and ({8.3)), it suffices to show that

As(R) i (B) f1(a3) = ~Ba(ad)” da(ud) (42" (8.5)

By definition of d;, given in Lemma we have
P2tp

2 2 2
Ao(y3)” di(ag)" fr(a3)” = Aa(yd)” @ P Bi(xg) * Ba(p)" Ba(ap)” fi(xp)"
Then, by item [1] of Lemma we have
2
Az(y3)” di(x5)" fr(a)”
2 2_ PQﬁ
= (b5 — ao)’zf P As(yp)” "Bi(xg) * Ba(ap)” fu(a)" (bgaf — u3)"-
Now, by item [2] of the same lemma, we obtain
2
Az(y3)” di(x3)" fr(a)”

2 2 2_ p2+3p
= (b — o)’z Py P Aa(yg)” " Ba(xp)

()" (B — o)
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Then, by item [3] of the same lemma,

p2+

2 —5
As(R) di (@) Fu(@d) = (B —a0) 2 al Py fi(ad) As ()T } (bgwg — v3)”-
An analogous argument yields
2 p2+5p 2 o p—5
Ba(x3)” da(yg) fo(y3)" = —(b —ao) = af "Py5 | falyo) Ba(af) } (b — vo)"-

Now, by item [3] of Lemma [7.2] these last two equations give us the desired result, namely,
that Eq. (8.5 holds.

Now, to finish the proof we must show that v (as defined above) is an Edwards lift. Since

v is the same 7 modulo p?, and since b = (b, 0, 0), it suffices to show that

G2(y0)

oy
Clearly, it suffices to prove the former. But since 7 is an Edwards lift, we have Ga(byzg) =
b2 Fy(z0). Then, by item [4| of Lemma and item [5[ of Lemma we get

2

Cra(boo) = Galboro) — BahAr(B3a3) 7 Aa(bad)? Aa(tad)? (1511 (a3)]”

G (bol‘o) = bO (x0> FQ(yO/b )

p

= 8 Fofao) — Bt Bi(ad) [ Ba(ad)]” [3Ba(ad)] 05~ 1a(a?)
=} | Fa(wo) — 30831(903)WB2($%)pB3(x§)pf1(x3)p]
- b10)2p2(x0)7

which concludes the proof. O

Acknowledgments. Computations mentioned in the text were done with MAGMA.
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